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ABSTRACT

Consider a sequence Ny : ¢+ ag+b, g =2,3,... where a,} are rational
numbers and a > 0. We say that N, 3 is admissible if for infinitely many
g’s there exists a finite group G of orientation-preserving homeomorphisms
of a compact orientable surface of genus g such that |G| = N, 3(g). In this
case we shall also say that G belongs to N, ;. The main result of the
paper is that if a + b # 0, then any group belonging to N, ; contains a
cyclic subgroup of bounded index, where the bound depends only on a,b.
Moreover a + b is positive, and 2b/a is an integer. This implies, for in-
stance, that there are only finitely many possibilities for perfect subgroups
or quotient groups of groups belonging to N, 3.

1. Introduction

(1.1) Let X, denote a compact orientable surface of genus g. We shall always
assume that g is at least 2. By a symmetry group of ¥, we simply mean
a finite group of orientation-preserving homeomorphisms of £,. It is a well
known consequence of Hurwitz’s theory, cf. [Hu], that (for g > 2) there are only
finitely many symmetry groups of I, and their orders are bounded by 84(¢g —1).
The symmetry groups of order 84(g — 1) are precisely the finite quotients of the
{2,3,7} triangle group. More generally the finite quotients of a fixed cocompact
Fuchsian group I' have orders of the form :ﬁﬂ(g — 1) where x(I") is the Euler
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characteristic of I in the sense of Wall, cf. [W]. There are infinitely many such
quotients. This is the well known Miller—Nielsen—Fox result; for a simple proof
see [K], §2. There are other examples of infinite families of surface symmetries of
a different sort. For example, by a theorem of Wiman £, always admits a cyclic
symmetry group of order 4¢g + 2, cf. [Wi], [H]. Also it follows by a theorem of
Accola and independently Maclachlan that ¥, always admits a symmetry group
of order 8g + 8, cf. [A], [M]. These families are not associated with any fixed
Fuchsian group. A purpose of this note is to understand the nature of these

other families.

(1.2) Let a,b be two rational numbers. Consider the sequence Nyj5 : g —
ag + b,g = 2,3.... We say that N, is admissible if for infinitely many g¢’s
there exists a symmetry group G of order N, 3(¢) acting on Z,. In this case we
shall say that the pair (X, G), or more loosely G, or I, belongs to N, 3. Our
main result is summarized in the following theorem.

THEOREM: (1) Let N, be admissible and a + b = 0. Then there exist finitely
many (topological) cocompact Fuchsian groups T'; such that, except for finitely
many exceptional values of g, the groups belonging to N, j are precisely the ones
uniformized by I';’s.

(2) Let Nup be admissible and a + b # 0. Then any group belonging to Naz
contains a cyclic subgroup of bounded index, where the bound depends only on

a,b. Moreover a + b is positive, and 2b/a is an integer.

Here by a topological cocompact Fuchsian group we mean that the com-
plex structure or hyperbolic geometry needed in the usual definition of a Fuchsian
group, cf. [B], is not relevant. We may as well define it to be a cocompact prop-
erly discontinuous group of orientation-preserving homeomorphisms of the plane

with negative Euler characteristic.

Some simple consequences of this theorem to the structure of the groups in an
infinite family N, 3 with a + b # 0 are noted in Section 3. In a forthcoming joint
work with M. Conder, cf. [CK], we shall make a larger input from finite group
theory and construct several such infinite families and gather some quantitative
information about these families. In particular we shall prove that in the above
theorem, if a+ b # 0 and ag + b > 4(g — 1) for all sufficiently large g, then b must
be non-negative and a must be 4, 5, 6 or 8 or else it is a rational number of the
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form 4¢/(c — 1) for some integer ¢ where ¢ = 4 or ¢ > 6. In the latter cases a is

not an integer.

2. Proof of the Theorem

First suppose only that N, is admissible. We show that there are bounds
depending only on a,b for the genus & of the quotient surface and the number
r of the branch points for any group belonging to N, ;. Indeed the Riemann-
Hurwitz formula for a group of order ag + b acting on £, may be written in the

form

2-2 : 1
(2.1.1) =2 2+.-2:T(1 n;)'

ag

Since n;’s are at least 2 the right-hand side is at least 2h — 2+ r/2. As g tends to
infinity the left-hand side tends to 2/a. It is clear that k and r are bounded and
so there are only finitely many possibilities for them. For the following discussion,
passing to a subsequence if necessary we shall assume that h and r are actually

fixed.

CASE 1: a+ b = 0. We claim that the branching indices n;’s also have only
finitely many possibilities. So in the first place we may assume that r > 0. Since
a + b = 0, the equation (2.1.1) reduces to
(2.1.2) i:l=2h—2+r—g.
o v a

Here the right-hand side is constant. Since the left-hand side is positive this
constant is positive. Taking n;’s in an increasing order we see that the left-hand
side is at most r/n;. This shows that n; has only finitely many possibilities.
Continuing this way we see that all n;’s have only finitely many possibilities. It
follows that for sufficiently large g the groups belonging to N, j are just the ones
uniformized by the finitely many topological Fuchsian groups whose signatures
are determined by the various but finitely many choices for k,r, and the n;’s.

Conversely, as was already noted earlier, groups uniformized by a Fuchsian
group belong to an admissible sequence N, 3 with a + b= 0.



340 R. S. KULKARNI Isr. J. Math.

CASE 2: a+b#0. By the last remark it follows that for groups belonging to
a sequence with a + b # 0, at least one of the branching indices must tend to oo
as g tends to co. By passing to a subsequence if necessary we now assume that
h,r,ny,...,n, are fixed and n,41,...,n, tend to co as g tends to co. So (2.1.1)
may be written in the form

1 2 -1 2(a + b)
(213) iglni+{2h—2+r—;—;;}+m.
As g tends to oo the left-hand side and the last term on the right-hand side tend
to 0. So the constant term {**} in the above equation must be 0. Hence (2.1.3)
implies
8 r

(2.1.4) a=2/{2h—2+r—2%}; nl=a_2(%‘”_”)

=1 i=atl g +b)
Now n;’s are orders of elements in a group of order ag + b. So they are divisors
of ag + b. Write n;u; = ag + b. Then (2.1.4) implies

r

2.15 . Ch L)}

(2.1.5) .-=;+1 i ”

In other words u;’s are bounded for i > s. It follows that the corresponding
group has a cyclic subgroup of index bounded by a bound depending only on
a,b. For large g we may take the bound to be 2(a 4 b)/a. Also from (2.1.5)
evidently a 4+ b > 0 and 2b/a is an integer. |

3. Some Consequences

(3.1) Throughout this section we fix two rationals a, b and suppose that a+b #
0 and the sequence N, 3 is admissible. In this section we shall note some common
properties of the symmetry groups belonging to N, 3. Let G be a symmetry group
belonging to N, ;. Then there exists an integer d depending only on a,b such
that G contains a cyclic subgroup, say A, of index at most d. Consider the
permutation representation p of G on G/A. Let p(G) = H, and Ao = ker p.

Then we have a short exact sequence
(8.1.1) 1— A4 —G—H—L

We shall use this notation in the following. Also we set G° = G, G! = [G,G],
..., G¥ = [G*1,G*1, ete.
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(3.2) PROPOSITION: There exist constants £ and m depending only on a,b such
that for all symmetry groups G belonging to N, 3 we have |GY| < m.

Proof: In the notation of (3.1) choose k such that H* = H**1 je. H* is
perfect, possibly trivial. Then we have a short exact sequence

(3.2.1) 1— A NGF —GF — HY — 1.

Now Ag N G* is cyclic and so its automorphism group is abelian. Also the
conjugation action of G¥ on Ag N G* factors through H*. Since H* is perfect
it follows that its action on Ao N G* is trivial, i.e. Ag N G* lies in the center of
G*. Let U be the universal central extension of H* given by the Schur theory,
cf. [Mi], §5. So there is a homomorphism ¢ : U — G* such that po ¢ is surjective
onto H*. Let Uy be the image of U in G¥. Then U, is perfect (possibly trivial)
and clearly G* is generated by Ay N G* and Uy. Since Ag N G* lies in the center
of G* it easily follows that G¥*+! = [Uy, Up] = Up. Now the order of H is at most
d! where d is the index of A in G. So there are only finitely many possibilities
for H, hence only finitely many possibilities for the perfect groups H* and their
universal central extensions U all depending only on a,b. So the order of G¥*1

is bounded by a bound depending only on a, b. ]

(3.3) COROLLARY: The length of the derived series of any solvable subgroup of
a symmetry group belonging to N, 3 is bounded by a bound depending only on

a,b.

(3.4) COROLLARY: The order of a perfect subgroup or a perfect quotient group
of a symmetry group belonging to N, is bounded by a bound depending only

on a,b.

(8.5) COoROLLARY: The product of the orders of nonabelian factors of a maximal
composition series of a symmetry group belonging to N, 3 is bounded by a bound

depending only on a,b.

(3.6) Recall that a p-rank of a finite group is the maximum rank of its elemen-
tary abelian p-subgroup.

PROPOSITION: The p-ranks of a symmetry group belonging to N, 3 are bounded
by a bound depending only on a,b and independent of p.
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Proof: Indeed in the notation of (3.1) the p-rank of G is at most 14 the p-rank
of H, and there are only finitely many possibilities for H depending only on a, b.
]

(3.7) For some interesting families it happens that only one of the branching
indices corresponding to the symmetry groups belonging to N, 3 tends to infinity
and the quotient surface has genus 0, i.e. in the notation of (2.1.3) we have
s=r—1,and h=0.

PROPOSITION: If only one of the branching indices corresponding to the symme-
try groups belonging to N, 3 tends to infinity and the quotient surface has genus
0, then except for finitely many exceptions the symmetry groups belonging to
N, cannot be cyclic-by-perfect.

Proof: Suppose this is not the case. We know by (3.4) that there are only
finitely many possibilities for perfect quotients for symmetry groups belonging to
Na . Consider the infinite subfamily of G’s where the quotient is a fixed perfect
group P. By the argument in (3.2) these G’s are central extensions of P and so
[G, G] is bounded by a bound depending only on a,b. On the other hand if only
one of the branching indices corresponding to the symmetry groups belonging to
N, tends to infinity and the quotient surface has genus 0, then all these groups
are generated by a fixed finite number of elements of fixed finite orders. But then
G/[G, G] is an abelian group also generated by a fixed finite number of elements
of fixed finite orders. So its order is bounded by a bound depending only on a, b.
Since the order of both [G,G] and G/[G, G] is bounded by a bound depending
only on a, b it follows that there are only finitely many possibilities for G’s. This
contradiction proves the assertion. |

(3.8) We remark that the hypothesis in (3.7) that only one of the branching
indices corresponding to the symmetry groups belonging to N, 3 tends to infinity
cannot be omitted. Indeed we construct here an admissible sporadic (4g + 2k)-
family for a suitable k. Let G be any finite group generated by two elements z,y
such that the order of z is 2. Then for any natural number ¢ which is coprime
to the orders of y and zy consider the groups G, = G x Z., where Z. is a cyclic
group of order c. Let u be a generator of Z., and let £ resp. m be the order
of y resp. zy. Then G, is generated by two elements (z,e),(y,u) which have

orders 2 and cf respectively. The product of these elements has order cm. So
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by Hurwitz’s theory G, is a symmetry group of ¥, with the quotient of genus
0 and 3 branch points with branching indices {2, cf,cm} respectively. Here g is
calculated by the Riemann—Hurwitz formula:

1 1 1
29-2=d01{(1-3) - 5- o}

|G| = 49 + {2|G|/L + 2|G|/m — 4}.

or

In other words setting

k=|G|/t+|G|/m -2
we see that the groups G.’s belong to a (4g + 2k)-family.

References

[A] R.D.M. Accola, On the number of automorphisms of a closed Riemann surface,
Trans. Am. Math. Soc. 181 (1968), 398-408.

[B] A. F. Beardon, Geometry of Discrete Groups, Graduate Texts in Math. 91,
Springer-Verlag, Berlin, 1983.

[CK] M. D. E. Conder and R. S. Kulkarni, Infinite families of automorphism groups of
Riemann surfaces, preprint.

[H] W. J. Harvey, Cyclic groups of automorphisms of a compact Riemann surface,

Quart. J. Math. 17 (1966), 86-97.

[Hu] A. Hurwitz, Uber Algebraische Gebilde mit Eindeutigen Transformationen in
Sich, Math. Ann. 41 (1893), 403-442.

[K] R.S.Kulkarni, Normal subgroups of Fuchsian groups, Quart. J. Math. 36 (1985),
325-344.

[M] C.Maclachlan, A bound for the number of automorphisms of a compact Riemann
surface, J. London Math. Soc. 44 (1969), 265-272.

[Mi] J. Milnor, Introduction to Algebraic K-theory, Annals of Math. Studies 72,
Princeton University Press, 1971.

[W] C. T. C. Wall, Rational Euler characteristics, Proc. Cambridge Philos.
Soc. 57 (1961), 182-183.

[Wi] A. Wiman, Uber die Hyperelliptischen Kurven und diejenigen von Gesch-
lechte p = 3 welche eindeutige Transformationen in sich zulassen, Bihang
Till K. Svenska Vet.-Akad. Handlingar (Stockholm 1895-6) bd. 21, 1-23.



